We perform direct numerical simulations (DNS) of the hyperviscous Navier-Stokes equations in a periodic box. We consider values of the hyperviscosity index h = 1, 2, 8, and vary the hyperviscosity to obtain the largest range of lengthscale ratios possible for well-resolved pseudo-spectral DNS. It is found that the spectral bump, or bottleneck, in the energy spectrum observed at the start of the dissipation range becomes more pronounced as the hyperviscosity index is increased. The calculated energy spectra are used to develop an empirical model for the dissipation range which accurately represents the bottleneck. This model is used to predict the approach of the turbulent kinetic energy k to its asymptotic value, k ϱ , as the hyperviscosity tends to zero.
I. INTRODUCTION
Recent experimental measurements [1] [2] [3] [4] in homogeneous turbulence at high Reynolds numbers show the unequivocal presence of a "bottleneck" effect. This phenomenon is observed in longitudinal and transverse energy spectra alike. In the aforementioned works, data for the longitudinal energy spectrum E 11 ͑ 1 ͒ (where 1 is the wave number) are shown to satisfy −5 / 3-scaling in an inertial range of scales (corresponding to a "plateau" in the compensated spectra, see Figs. 1 and 2). At larger wave numbers ͑ 1 Ϸ 0.05͒, a bump-like (or bottleneck) behavior is observed, followed by the spectrum's monotonic decay further in the dissipation range.
Similar bumps have been documented in pseudo-spectral direct numerical simulations (DNS) of homogeneous turbulence. [5] [6] [7] Even in the absence of experimental data to compare with, such bumps may not be explained in terms of numerical discretization effects, as they are evident in pseudo-spectral DNS in which the numerical errors have been demonstrated to be small in comparison. 7, 8 In other words, bottleneck bumps as observed in DNS are (at least qualitatively) consistent with those observed in recent experiments.
Recent work on the hyperviscosity-modified NavierStokes equation 9 (with hyperviscosity index h) has clarified the connection that this approach has with large-eddy simulation. We note, however, that it is unclear whether hyperviscous subgrid-scale models are capable of reproducing realistic features of internal intermittency in the inertial range. Relevance of the hyperviscous ͑h Ͼ 1͒ Navier-Stokes equation is not restricted to the large-eddy simulation of conventional ͑h =1͒ turbulence. Hyperviscous Navier-Stokes simulations may be a useful testbed for two-point closure theories (e.g., a hyperviscous variant of EDQNM).
In the more basic context of the Kolmogorov (1941) phenomenology, it is still unclear whether the hyperviscous Navier-Stokes equation (with h Ͼ 1) contains any physics of bottleneck effects that are evident in conventional ͑h =1͒ turbulence. It is plausible that a "parametrization" of bottleneck effects in hyperviscous ͑h Ͼ 1͒ turbulence may shed light on bottleneck effects in conventional ͑h =1͒ turbulence.
In this work, our initial goal is the construction of a dataset of DNS of the normal ͑h =1͒ and hyperviscous ͑h Ͼ 1͒ Navier-Stokes equation. We use such data in the modeling of bottleneck effects in energy spectra in homogeneous, nondecaying turbulence. The result is a model spectrum that is capable of matching numerical spectra to good accuracy because of its ability to account for the bottleneck. Finally, we attempt to use the model spectrum to investigate the Reynolds number dependence of energy spectra as the Reynolds number grows unbounded.
II. HYPERVISCOUS, FORCED DNS
In the following, u͑x , t͒ denotes the fluctuating component of a zero-mean solenoidal velocity field governed by the forced hyperviscous Navier-Stokes equation
where h is the specified constant hyperviscosity coefficient, and f is the forcing function which is described below. Clearly, the ordinary Navier-Stokes equation corresponds to h = 1 and f = 0. We consider the case of periodic boundary conditions
where L is the periodicity length and ê ␣ is the unit vector of the ␣th (Cartesian) coordinate direction. Thus, our solution domain is B = ͓0,L͔ 3 . As is well known, because of (2), it is permissible to write u͑x , t͒ as a Fourier series
where = 0 n (with n Z 3 ) and 0 =2 / L. The Fourier coefficient of u͑x , t͒ associated with is denoted by û ͑t͒. (Fourier coefficients are denoted by hats.)
Because of homogeneity, the hyperviscous dissipation rate ͗͘ = ͑−1͒ h h ͗u · ٌ 2h u͘ (where angled brackets denote expectation values) may be rewritten as h ٌ͗͑ h u͒ 2 ͘, which is a positive semidefinite quantity. (Here ٌ h denotes the outer product of ٌ with itself h times and the square denotes contraction on all indices.) The hyperviscous dissipation wave number is defined by
.
͑5͒
It is easily seen that d = −1 for h = 1, where is the standard Kolmogorov microscale.
In this work, Eq. (1) is driven by an acceleration forcing, 10 so chosen as to yield a constant energy injection rate (denoted by P). The forcing is most simply defined in wave number space by its Fourier coefficients as
where f is the (specified) largest wavenumber acted upon by the forcing, 1 ͓͉͉ഛ f ͔ is the indicator function of the forced shell (unity when ഛ f , zero otherwise), and k f is the kinetic energy of the modes within the shell. The forcing drives the flow toward a statistically stationary state wherein
Use of f [as defined by (6)] is unnatural (as are most other ways of forcing turbulence). However, we are primarily concerned with bottleneck effects on energy spectra, i.e., we investigate one particular characteristic of small-scale turbulence. In this case, use of a large-scale forcing 9, 11 (in order to analyze statistically stationary rather than decaying turbulence) is justifiable 12, 13 on the grounds that the details of the forcing have little effect on the small-scale statistics. Indeed, at sufficiently high Reynolds numbers, according to the first Kolmogorov (1941) hypothesis, the small-scale statistics depend on the forcing solely through its energy injection rate.
The Fourier transform of Eq.
(1) may be rewritten in the form
where N is the Fourier coefficient of N ͑N i ‫ץ−=‬ j u i u j ͒ and
͑9͒
In this expression, the hyperviscosity has been rewritten in terms of d using (7) in addition to (5) . This simplifies the numerical evaluation of the integrating factor F͑ , t͒ at any t.
III. NUMERICAL METHOD
Equation (9) summarizes the details of our numerical setup. If the flow domain were unbounded, two-dimensional quantities might be set arbitrarily, e.g., P and f , and then the additional specification of d / f would completely characterize the flow. Since our spatial discretization enforces the box size to be the largest lengthscale in the problem, the ratio f / 0 also needs to be specified. In our setup, we (arbitrarily) set P =1, 0 = 1; we specify the fixed value f / 0 = 3; then the flow is defined by a single (nondimensional) parameter (e.g., d / f or a suitably defined Reynolds number). Clearly, ᐉ ϵ f −1 , and U ϵ͑P / f ͒ 1/3 are characteristic length and velocity scales of the energy containing motions: thus, a turbulence Reynolds number may be defined as
Our spatial discretization is pseudo-spectral with N modes in each coordinate direction, and with exact removal of double-and triple-aliasing errors. 14 We investigate smallscale resolution in Fig. 3 , that shows the fraction of resolved dissipation for a velocity field generated in the Fourier space according to Eqs. For all values of h, we employ the same "criterion" for accurate small-scale resolution ͑ max ജ 3/2 d ͒ that is commonly used in conventional ͑h =1͒ turbulence simulations.
11 Figure 3 shows that, based on this criterion, no less than 99% of ͗͘ is resolved for h = 1 and 8, and 98% for h = 2. The small-scale resolution criterion may be rewritten as
. This guarantees that, for the range of resolutions N ͓160, 300͔ considered in this work, the remaining (single-)aliasing error energy is always less than 0.01% of the resolved kinetic energy. Figures 4 and 5 show the effect of grid and time-step refinement on the compensated energy spectrum for a flow with h =1, d / 0 = 50. Figure 5 suggests that (peak) relative errors never exceed 11.1%.
The initial field is a random realization 15 of a vector field with prescribed energy spectrum, i.e.,
2 ͓cos e i 1 1 + sin e i 2 2 ͔. ͑11͒
Here 1 , 2 are the phases of û 1 and û 2 , respectively, 1, 2 being directions (whose unit vectors are denoted by 1,2 ) in the incompressibility plane ͑ · û =0͒ corresponding to the Euler angles in the x (or y) convention. 16 The azimuth of the vector ͉͑û 1 ͉ , ͉û 2 ͉͒ (in that plane) is equal to . We follow Rogallo 15 and choose 1 , 2 , U͓͑0,2͔͒ (uniform random deviates in ͓0,2͔) subject to the requirement of Hermitian symmetry for the Fourier coefficients. We choose the initial energy spectrum to be E͑,0͒ = 9 11
where u 0 Ј denotes the initial root-mean square-intensity of any one velocity component (we set u 0 Ј=1). . "Base" refers to ⌬t =10 −3 and N = 160, whereas "2⌬t" and "2 max " refer to the same case advanced with ⌬t = 210 −3 , N = 160 and ⌬t =10 −3 , N = 320, respectively.
FIG. 5. Absolute error (dashed, dot-dashed) in steady-state compensated energy spectra between the "base" and "2⌬t" simulations, and between the "base" and "2 max " simulations. The spectral turn-up in the "base" E͑͒ (solid) in a left neighborhood of max is the result of single-aliasing errors. This makes the difference compensated spectrum between the "base" and "2 max " simulations meaningless in a left neighborhood of max . We use a second-order Runge-Kutta for time advancement. In a series of tests, we checked that statistical stationarity may be assumed after 10-15 eddy turnover times (the number of eddy turn-over times that the flow has undergone at time t is defined as e = ͑P f 2 ͒ 1/3 t). Whenever isotropy is postulated in (a discrete) wave number space, a discretization in wave number shells of thickness 0 is implied for the energy spectrum. This function is computed as
where n =1,2, ... ,N / 2 and MЈ͑n 0 ͒ = M͑n 0 ͒ / ͕͑4 /3͓͒͑n +1/2͒ 3 − ͑n −1/2͒ 3 ͔͖, M͑n 0 ͒ being the number of modes contained in the shell centered at n 0 [as indicated in the sum in (13)]. 17 In subsequent figures, we show time-averaged energy spectra, with the time-averaging starting at e = 10. Taylor Reynolds numbers Table I . The unsteadiness in the time series for the turbulence kinetic energy (denoted by k, or TKE), as defined by a volume average of ͉u͉ 2 /2, requires the additional use of time-averaging to finally infer the values of R reported in Table I . Figure 7 shows Kolmogorov-scaled energy spectra compared to the Kolmogorov inertial-range spectrum
IV. RESULTS
with C = 1.5. As may be seen, at the higher wave numbers ͑ / d Ͼ 0.1͒ there is an excellent collapse of the spectra for different values of d / 0 indicating that Kolmogorov scaling is satisfied to good accuracy. In Fig. 8 , compensated spectra are consistent with the observation 5 that the correct plateau to look at to infer the value of the Kolmogorov constant is to the left of what can be described as a bottleneck peak. Recent numerical simulations [5] [6] [7] show that a true inertial-range plateau in the compensated spectra may be clearly visible for Reynolds numbers R larger than (at least) 200 (requiring a minimum of 512 3 modes). From Fig. 8 , we see that the bottleneck bump starts in proximity of / d = 0.05. This is in good accord with higher resolution data. 6 Thus, the necessary condition for a value for the Kolmogorov constant to be discernible from the compensated spectra is the presence of a plateau for / d Ͻ 0.05 (a clear inertial-range plateau is missing from Fig. 8) .
Two comments are in order. First, much scatter in values for the Kolmogorov constant (based on various experimental and numerical investigations 18, 19 ) might be probably reduced by distinguishing between analyses that recognize the existence of a bottleneck and those that do not (see, e.g., Fig. 1 20 that may be simulated on 512 3 (or larger) grids but also at lower Reynolds numbers where no scaling arguments may be invoked. Bottleneck effects are the result of viscous effects on inertial transfer.
Figures 9-14 show analogous data for h = 2 and h =8. From the compensated spectra, it may be seen that the bottleneck peak increases as h increases (for all h ), whereas its location shifts to larger / d . This is summarized in Fig. 16 .
A. Modeling of numerical spectra
A fundamental consequence of the Kolmogorov (1941) hypotheses is that the energy spectrum in the universal equilibrium range 21, 22 of an isotropic, forced turbulence is given by
A model spectrum which is a natural extension of this relation to arbitrary
was proposed by Pope. 22 Clearly, f L represents the spectrum behavior in the infrared and energy containing ranges, and f represents the dissipation range behavior. For large / f , f L ͑ / f ͒ tends to unity, as does f ͑ / d ͒ for small / d . Thus, for f Ӷ Ӷ d , the model spectrum is a Kolmogorov −5 / 3-spectrum with constant C. While f L is not universal (having a first-order dependence on the large scales of the flow), according to the Kolmogorov hypotheses, f is universal (for given h).
Use of (16) with modeled forms for f L and f constitutes an empirical model for the energy spectrum. This is useful in experimental investigations, 4, 23 where E͑͒ has to be deduced from experimental data for E 11 ͑ 1 ͒. We also suggest that a model spectrum (that reproduces the important physical observations) may be used as a predictive tool to investigate turbulence statistics in the infinite Reynolds number limit (as shown further below).
The capability of Pope's model spectrum to account for 
where the ␣ i 's are determined by comparing with measurements (x being a dummy variable).
Following a similar approach, we are able to match the dissipation range components of our data to good accuracy (see Figs. 15 and 16 ) through
where A and are determined by an interpolation procedure for each value of h (given d / 0 ). Tables II and III give the values of A and for each of our calculations; based on these data, one may hypothesize (as we do hereafter) that A, are "independent" of d / 0 (at least over the range of values considered here).
Examination of the numerical compensated spectra shows the exponential component of f to be of the form exp͑a 1 − b 1 x h ͒. However, when the factor preceding the exponential is modeled as in Eq. 
applied to the model spectrum, Eq. (16). For given f L , Eq. (19) imposes a condition on f . Having determined the dependences of A and on h, we solve (19) for b (using a secant method). The resulting values are given in Table IV for d / 0 = 90. Figures 17 and 18 show that matching of numerical spectra in the dissipation range through Eq. (17) [as opposed to Eq. (18)] is also possible, after trial and error tuning of the ␣ i 's to values different from those indicated by Kang et al. 4 The procedure above has been described under the assumption that the functional form for f L is known. We now describe the rationale to obtain the form actually used in this work. Our goal is to determine an approximate expression to describe the large-scale behavior of the energy spectrum in such a special (homogeneous) turbulence as the one driven by the forcing defined by (6) . In contrast to the case of f , there is no suggestion that f L is universal.
Having decided that f is given by Eq. 
, ͑21͒
with a = 1.6, c = 3.5, q = 1.5, and p = 2. As expected, we found (i) the empirically determined f L 's (for each flow) to be strongly realization-dependent, (ii) their ensemble average to be flow-dependent. Therefore, we elect to model f L once and for all as in Eq. (21). The resulting model spectrum is capable of matching numerical energy spectra to good accuracy (reasonable accuracy may be achieved at the large scales, with relative errors ͉͑E͑͒ − E m ͑͒͒ / E m ͉͑͒ never exceeding 0.4). Representative results are those in Figs. 19 and 20 .
B. Asymptotic behavior of model TKE
In this section, we consider a model kinetic energy difference ratio (i.e., defined in terms of the model spectrum) in an asymptotic regime as the Reynolds number grows unbounded. In this case, the effect of large-scale motions (this includes the details of the modeling for f L ) vanishes as Re → ϱ.
Figures 6, 9, and 12 suggest that as d / 0 is increased, there are two competing effects determining the TKE behavior with Reynolds number. As Re grows, the energy spectra extend to higher and higher wave numbers, with an attendant increase in the TKE. On the other hand, a less intense bottleneck is required for the dissipation rate to balance the energy flux through the inertial range as this is stretched to higher wave numbers. The two effects may be clearly seen in Figs. 9 and 12.
For given fixed values of P, 0 , h, and f , we denote by E m ͑ ; d ͒ the model energy spectrum which depends on the specified value of d . The corresponding kinetic energy is
We are particularly interested in the behavior of k͑ d ͒ as d tends to infinity, and so define k ϱ = k͑ϱ͒ and 
It is evident that for asymptotically
D͑h͒. ͑24͒
This is a consequence of the first Kolmogorov (1941) hypothesis (independent of the particular representation used for E m ). Because of Eq. (16), the asymptotic slope in Eq. (24) takes the form
Values for D͑h͒ corresponding to Eq. (18) are given in Table  V . As may be seen, for h = 2 and 8, D͑h͒ is positive, indicating that k͑ d ͒ decreases as d / f increases: The positive contribution from the longer tail is outweighed by the decreased contribution from the reduced bump. For h = 1, the value of D͑h͒ is negative, suggesting to opposite behavior, but this result needs qualification, which is now given. It is easily seen that the behavior of the integrand in the numerator on the right-hand side of (23) is nonphysical as y → 0. This is particularly true for h =1 (see Fig. 21 ). In this case, the integrand in the numerator on the right-hand side of (25) has a singularity at the origin of the form −by −2/3 . Even though this singularity is integrable, it yields a nonphysical negative contribution to D͑1͒ not ruled out unless they result from unphysical effects in the modeling]. The values for D͑2͒, D͑8͒ in Table V are reasonable as there is no singularity for h Ͼ 5/3. We conclude that an improved model for f is required to correctly represent the nondimensional kinetic energy difference spectra [appearing in the integrand in the numerator of (23)] for small values of y. Computation of the asymptotic slope D͑h͒ requires that an improved representation of such spectra be available in an asymptotic regime as d / f → ϱ.
V. CONCLUSIONS
Accurate numerical simulations have been performed of forced homogeneous isotropic turbulence evolving according to the hyperviscous Navier-Stokes equation. Values of the hyperviscosity index h between 1 (corresponding to ordinary Navier-Stokes) and 8 are considered. Using N 3 Fourier modes (with N up to 300) simulations are performed with length-scale ratios d / 0 up to 90. For h = 1, the largest Taylor-scale Reynolds number achieved is 128.
In all cases, the high-wave number spectra are found to be self-similar under Kolmogorov scaling. In the dissipation range, the spectra decay as exp͑−b͑ / d ͒ h ͒. As summarized in Fig. 16 , the compensated spectra reveal a spectral bump. The value of the peak of the bump increases with h (from about 2.3 for h = 1 to approximately 4 for h =8) and it moves to higher wave number (from / d Ϸ 0.15 for h =1 to / d Ϸ 0.8 for h =8).
The spectra from the simulations are well represented by the model spectrum, Eq. (16), with the empirical expression Eq. (18) for the dissipation range function f .
As d / f increases, the spectrum extends to higher wave numbers (tending to increase the TKE), but the energy associated with the bump decreases. The net effect (as predicted by the first Kolmogorov hypothesis) is that the 
